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Introduction

I NVESTIGATIONS into the free vibration analysis of compos-
ite beams have been well documented.1¡4 A principal � nding of

this research shows that the effect of material coupling arising from
ply orientation on the free vibration behavior of composite beams
can be important from the point of view of aeroelastic tailoring.5

Generally, solutions of vibration problems of composite beams are
numerically based because of the huge dif� culties involved in seek-
ing closed-form analytical solutions.However, the recent advance-
ment in symbolic computation6 has made it possible to solve engi-
neering problems by algebra rather than by numerical means. This
has motivated investigations in recent years to derive explicit ex-
pressions for the frequency equations and mode shapes of simple
composite beams7 and composite Timoshenko beams.8 The pur-
pose of the present study is to extend these earlier works and derive
the frequency equation and mode shape of a cantilever composite
Timoshenko beam by taking into account the important effect of
an axial load. The proposed theory can be extended to other end
conditions of axially loaded composite Timoshenko beams, and it
offers prospects for aeroelastic optimization.

Theory
In the usual notation, the governingdifferential equations in free

natural vibration of an axially loaded composite Timoshenko beam
shown in Fig. 1 are4

EIµ 00 C k AG.h 0 ¡ µ/ C K Ã 00 ¡ ½ I Rµ D 0 (1)

k AG.h 00 ¡ µ 0/ ¡ Ph 00 ¡ m Rh D 0 (2)

GJÃ 00 C K µ 00 ¡ P.I®=m/Ã 00 ¡ I®
RÃ D 0 (3)

where h.y; t/, µ.y; t/, and Ã.y; t/ are bendingdisplacement,bend-
ing rotation, and twist at a distance y and primes and dots denote

differentiationwith respectto position y and time t , respectively;½ is
the density of the material; and EI, GJ, K, and kAG are the bending
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rigidity, torsional rigidity, bending–torsion coupling rigidity, and
shear rigidity of the composite beam respectively. I is the second
moment of area of the beam cross section about the X axis; m D ½ A
is the mass per unit length, where A is the cross-sectionalarea. I® is
the polar mass moment of inertia per unit length about the Y axis,
µ is the angle of rotation, in radians, of the cross section about the
X axis due to bending alone, so that the total slope h 0 equals the
sum of the slopes due to bending and due to shear deformation,and
P is a constant compressive axial load passing through the centroid
of the cross section. Note that P can be negative so that tension is
included.The theorythat followscan be applied to compositebeams
of any general cross section so long as the rigidities EI, GJ, K, and
k AG are known (either by theory or by experiment), but for the
developmentof the theory, the rectangular cross section is shown in
Fig. 1 only for convenience.

If a harmonic variation of h; µ , and Ã , with circular frequency!,
is assumed, then

h.y; t/ D H .y/ei!t ; µ .y; t/ D 2.y/ei!t

Ã.y; t/ D 9.y/ei!t (4)

where H .y/, 2.y/, and 9.y/ are the amplitudes of the harmon-
ically varying vertical displacement, bending rotation, and twist,
respectively.

Substituting Eqs. (4) into Eqs. (1–3) gives

EI200 C k AG.H 0 ¡ 2/ C K 9 00 C ½ I!22 D 0 (5)

k AG.H 00 ¡ 20/ ¡ PH 00 C m!2 H D 0 (6)

GJ9 00 C K 200 ¡ P.I®=m/9 00 C I®!29 D 0 (7)

When the rules of linear operators and extensive algebraic manipu-
lation are used, Eqs. (5–7) can be combined into one equation, by
eliminating all but one of the three variables H; 2, and 9, to give

.D6 C NaD4 ¡ NbD2 ¡ Nc/W D 0 (8)

where

W D H; 2; or 9 (9)

D D
d

d»
; » D

y

L
(10)

and

Na D
b2s2.b2c2 ¡ a2 p2/ C .b2 ¡ a2 p2/f p2 C b2r 2.1 ¡ p2s2/g C a2b2.1 ¡ p2s2/

.1 ¡ p2s2/.b2c2 ¡ a2 p2/

Nb D
b2f.1 ¡ b2r 2s2/.b2 ¡ 2a2 p2/ ¡ a2b2.r 2 C s2/g

.1 ¡ p2s2/.b2c2 ¡ a2 p2/
; Nc D

a2b4.1 ¡ b2r 2s2/

.1 ¡ p2s2/.b2c2 ¡ a2 p2/
(11)

with

a2 D
I®!2 L2

GJ
; b2 D

m!2 L4

EI
; c2 D 1 ¡

K 2

EIGJ

r 2 D
I

AL 2
; s2 D

EI

k AGL2
; p2 D

PL2

EI
(12)

Note that r 2, s2, and p2 describe the effects of rotatory inertia, shear
deformation,and axial force, respectively.Any one, two or all three
of these parameters can be set to zero so that either the effect of
rotatory inertia and/or the effect of shear deformation and/or the
effects of axial force can be optionally ignored.
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Fig. 1 Coordinate system and notationfor an axially loaded composite
Timoshenko beam.

The solution of the differential Eq. (8) is4

W .» / D C¤
1 cosh ®» C C ¤

2 sinh ®» C C¤
3 cos ¯»

C C¤
4 sin¯» C C¤

5 cos° » C C¤
6 sin ° » (13)

where C¤
1 ¡ C ¤

6 are constants and

® D
£
2.q=3/

1
2 cos.Á=3/ ¡ Na=3

¤ 1
2

¯ D
£
2.q=3/

1
2 cosf.¼ ¡ Á/=3g C Na=3

¤ 1
2

° D
£
2.q=3/

1
2 cosf.¼ C Á/=3g C Na=3

¤ 1
2 (14)

with

q D Nb C Na2=3; Á D cos¡1
£
.27 Nc ¡ 9 Na Nb ¡ 2 Na3/=f2. Na2 C 3 Nb/

3
2 g

¤

(15)

Equation (13) represents the solution for the bending displacement
H .» /, bending rotation 2.»/, and torsional rotation 9.»/. Thus,

H .» / D A1 cosh ®» C A2 sinh ®» C A3 cos¯» C A4 sin ¯»

C A5 cos° » C A6 sin ° » (16)

2.»/ D B1 sinh ®» C B2 cosh®» C B3 sin ¯» C B4 cos¯»

C B5 sin ° » C B6 cos ° » (17)

9.» / D C1 cosh ®» C C2 sinh ®» C C3 cos¯» C C4 sin ¯»

C C5 cos ° » C C6 sin ° » (18)

where A1–A6 , B1–B6 , and C1–C6 are three different sets of
constants.

Substituting Eqs. (16) and (17) into Eq. (6) shows that

B1 D A1 N®=L ; B2 D A2 N®=L; B3 D ¡A3
N̄=L

B4 D A4
N̄=L ; B5 D ¡A5 N° =L ; B6 D A6 N° =L (19)

where

N® D f.1 ¡ p2s2/®2 C b2s2g=®; N̄ D f.1 ¡ p2s2/¯2 ¡ b2s2g=¯

N° D f.1 ¡ p2s2/° 2 ¡ b2s2g=° (20)

Then, substitutingEqs. (17) and (18) into Eq. (7) and using Eqs. (19)
gives

C1 D A2k®=L ; C2 D A1k®=L ; C3 D A4k¯ =L

C4 D ¡A3k¯ =L ; C5 D A6k° =L; C6 D ¡A5k° =L (21)

where

k® D ¡
N®®2kt

.1 ¡ a2 p2=b2/®2 C a2

k¯ D ¡
N̄¯2kt

.1 ¡ a2 p2=b2/¯2 ¡ a2

k° D ¡
N° ° 2kt

.1 ¡ a2 p2=b2/° 2 ¡ a2
(22)

with

kt D K =GJ (23)

Thus, the bendingand twisting rotationsgiven by Eqs. (17) and (18)
can be written with the help of Eqs. (19) and (21), in the following
form:

2.»/ D [A1 N® sinh ®» C A2 N® cosh ® ¡ A3
N̄ sin ¯»

C A4
N̄ cos ¯» ¡ A5 N° sin ° » C A6 N° cos° » ]=L (24)

9.»/ D [A1k® sinh ®» C A2k® cosh ®» ¡ A3k¯ sin¯»

C A4k¯ cos ¯» ¡ A5k° sin ° » C A6k° cos ° » ]=L (25)

The expressions for the bending moment M .» /, shear force S.» /,
and torque T .» / can be written as4

M.» / D ¡W2[A1g® cosh®» C A2g® sinh ®» ¡ A3g¯ cos¯»

¡ A4g¯ sin ¯» ¡ A5g° cos ° » ¡ A6g° sin ° » ] (26)

S.» / D W3[A1 f® sinh ®» C A2 f® cosh ®» C A3 f¯ sin ¯»

¡ A4 f¯ cos ¯» C A5 f° sin ° » ¡ A6 f° cos ° » ] (27)

T .» / D W1[A1e® cosh ®» C A2e® sinh ®» ¡ A3e¯ cos ¯»

¡ A4e¯ sin ¯» ¡ A5e° cos ° » ¡ A6e° sin ° » ]=L (28)

where

W1 D GJ=L ; W2 D EI=L2; W3 D EI=L3 (29)

g® D ®. N® C kbk® /; g¯ D ¯. N̄ C kbk¯ /

g° D ° . N° C kbk° / (30)

f® D ®
¡
g® C p2

¢
C N®b2r 2; f¯ D ¯

¡
g¯ ¡ p2

¢
¡ N̄b2r 2

f° D °
¡
g° ¡ p2

¢
¡ N° b2r 2 (31)

e® D ®
¡
k® C N®kt ¡ a2 p2=b2

¢
; e¯ D ¯

¡
k¯ C N̄kt ¡ a2 p2=b2

¢

e° D °
¡
k° C N° kt ¡ a2 p2=b2

¢
(32)

with

kb D K =EI (33)

Frequency Equation

Now the frequency equation for axially loaded composite
Timoshenko beams (Fig. 1) with cantilever boundary conditions
can be derived by applying the boundary conditions, and then elim-
inating the arbitraryconstants A1–A6. At the built-in end (» D 0), all
displacementsare zeros, that is, H .» / D 0, 2.»/ D 0, and 9.»/ D 0,
whereas at the free end (» D 1), all forcesare zeros, that is, S.» / D 0,
M.» / D 0, and T .» / D 0. When these conditionsare substitutedinto
Eqs. (16) and (24–28) and the constants A1–A6 are eliminated, the
frequency equation is � rst obtained in a 6 £ 6 determinantal form,
which is generally solved by numerical means to yield natural fre-
quencies of the composite beam. Here the determinant is expanded
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algebraicallyand thensimpli� ed veryconsiderably.This formidable
task was carriedoutwith thehelp of the symboliccomputationpack-
age REDUCE.9

The expression for the frequency equation is given in a surpris-
ingly concise form,

f .!/ D ¸1C¯ C° Ch® C ¸2C¯ S° Sh® C ¸3C° S¯ Sh® C ¸4S¯ S° Ch®

C ¸5C¯ C ¸6C° C ¸7Ch® D 0 (34)

where

Sh® D sinh ®; S¯ D sin ¯; S° D sin°

Ch® D cosh®; C¯ D cos ¯; C° D cos° (35)

¸1 D ¹1º1 f° C ¹2º2 f® C ¹3º3 f¯; ¸2 D ¹2º1 f® ¡ ¹1º2 f°

¸3 D ¹2º3 f® ¡ ¹3º2 f¯ ; ¸4 D ¡¹1º3 f° ¡ ¹3º1 f¯

¸5 D ¡¹1º2 f® ¡ ¹2º1 f° ; ¸6 D ¡¹2º3 f¯ ¡ ¹3º2 f®

¸7 D ¹1º3 f¯ C ¹3º1 f° (36)

with

¹1 D e® g¯ ¡ e¯ g®; ¹2 D e¯ g° ¡ e° g¯; ¹3 D e° g® ¡ e® g°

(37)

º1 D N®k¯ ¡ N̄k®; º2 D N̄k° ¡ N° k¯ ; º3 D N° k® ¡ N®k°

(38)

with N®, N̄, N° ; k® , k¯ , k° ; g® , g¯ , g° ; f® , f¯ , f° ; e® , e¯ , e° ; and Ch® ,
C¯ , C° , Sh® , S¯ , S° already de� ned in Eqs. (20), (22), (30), (31),
(32), and (35), respectively.

Thus, the natural frequencies of the beam can now be deter-
mined from Eq. (34) by computing the value of f .!/ for a range of
frequencies ! and tracking the changes of its sign.

Mode Shapes

Once the natural frequency !n is determined from Eq. (34), the
corresponding mode shape is obtained in the usual way by � xing
one of the six coef� cients A1–A6 arbitrarily and solving for the
remaining � ve in terms of the arbitrarilychosen one. (This choice is
wholly arbitrary, but for the present problem A2–A6 are expressed
in terms of A1.) The symbolic computing package REDUCE9 was
used again to derive the mode shapes coef� cients in explicit form
as follows:

A2 D .81=Â/A1; A3 D .82=Â/A1; A4 D .83=Â/A1

A5 D .84=Â/A1; A6 D .85=Â/A1 (39)

where

81 D ¿2.½2 f® Sh® ¡ ½1 f° S° C ½3 f¯ S¯ /

82 D ¾2 C »3Ch®C° ¡ ³3Sh® S° C ±3 (40)

83 D ¿3.½2 f® Sh® ¡ ½1 f° S° C ½3 f¯ S¯ /

84 D ¾3 C »1Ch®C¯ C ³1Sh® S¯ C ±1 (41)

85 D ¿1.½2 f® Sh® ¡ ½1 f° S° C ½3 f¯ S¯ /

Â D ¡³2C¯ C° C »2 S¯ S° ¡ ¾1 C ±2 (42)

with

¿1 D N®k¯ ¡ N̄k®; ¿2 D N̄k° ¡ N° k¯ ; ¿3 D N° k® ¡ N®k°

(43)

½1 D g®Ch® C g¯ C¯ ; ½2 D g¯ C¯ ¡ g° C°

½3 D g° C° C g®Ch® (44)

´1 D f® Sh® ¡ f¯ S¯ ; ´2 D f¯ S¯ ¡ f° S°

´3 D f° S° ¡ f® Sh® (45)

³1 D ¿3 f® g¯ C ¿2 f¯ g® ; ³2 D ¿3 f¯ g° ¡ ¿1 f° g¯

³3 D ¿2 f° g® C ¿1 f® g° (46)

»1 D ¿2 f® g¯ ¡ ¿3 f¯ g® ; »2 D ¿1 f¯ g° ¡ ¿3 f° g¯

»3 D ¿1 f° g® ¡ ¿2 f® g° (47)

±1 D ¿2 f® g® ¡ ¿3 f¯ g¯ ; ±2 D ¿3 f¯ g¯ ¡ ¿1 f° g°

±3 D ¿1 f° g° ¡ ¿2 f® g® (48)

¾1 D ¿2.½2 f®Ch® C ´2g® Sh® /; ¾2 D ¿3.½3 f¯ C¯ C ´3g¯ S¯ /

¾3 D ¿1.½1 f° C° C ´1g° S° / (49)

Note that N®, N̄, N° ; k® , k¯ , k° ; g® , g¯ , g° ; f® , f¯ , f° ; and Ch® , C¯ ,
C° , Sh® , S¯ , S° are alreadyde� ned in Eqs. (20), (22), (30), (31), and
(35), respectively, but must be calculated for the particular natural
frequency !n at which the mode shape is required.

Thus, the mode shape of the axially loaded composite beam is
given in explicit form by rewriting Eqs. (16–18) with the help of
Eqs. (19–22) in the form

H .» / D A1.cosh®» C R1 sinh ®» C R2 cos ¯» C R3 sin ¯»

C R4 cos ° » C R5 sin ° »/ (50)

2.»/ D A1. N® sinh ®» C R1 N® cosh®» ¡ R2
N̄ sin ¯» C R3

N̄ cos ¯»

¡ R4 N° sin ° » C R5 N° cos ° »/=L (51)

9.»/ D A1.k® sinh ®» C R1k® cosh ®» ¡ R2k¯ sin ¯»

C R3k¯ cos¯» ¡ R4k° sin ° » C R5k° cos ° »/=L (52)

where the ratios R1 , R2 , R3, R4 , and R5 are A2=A1; A3=A1; A4=A1;
A5=A1 and A6=A1, respectively, and follow from Eqs. (39).

Summary
The expressions for the frequency equation and mode shapes

given by Eq. (34) and Eqs. (50–52) can now be used to compute
the natural frequenciesand mode shapes of axially loaded compos-
ite Timoshenko beams. This is demonstrated by an example taken
form the literature.2 It is a cross ply of AS/3501 carbon–epoxy
laminated beam with stacking sequency [0/90/90/0 deg]. With the
material properties given in Ref. 2, the rigidity properties and other
beamparameterswere calculatedas follows:EI D 1:070£ 106 Nm2,
GJ D 1:380 £ 105 Nm2 , K D 0:001518Nm2, kAG D 3:163£ 107 N,
m D 13:892 kg/m, and I® D 0:02315 kgm. Note that the cross-ply
stacking sequence of the composite beam resulted in a small value
of the bending–torsion coupling rigidity K as expected.The width-
to-thickness ratio is taken to be unity, and the length-to-width ratio
is taken to be 10, to make the results directly comparablewith those
of Ref. 2. The axial load P is taken to be 0 and 1.016£ 107 N (com-
pressive), which correspond to p2 D 0 and 0.95, respectively [see
Eq. (12)].

The � rst � ve nondimensional natural frequencies !¤
i , i D

1; 2; : : : ; 5, where !¤
i D !L2.½=E1h2/1=2, and mode shapes of the

cantilever beam obtained using the present theory, and with and
without the effects of shear deformation, rotatory inertia, and ax-
ial load are shown in Fig. 2. The correspondingnatural frequencies
reportedin Ref. 2 are shown in parenthesesof Fig. 2b; note that Tim-
oshenkobeamtheory is used in Ref. 2, but it does not accountfor the
effect axial load and also does not predict the torsional frequencies.
(NA in Fig. 2b stands for Not Available.) The results show that the
shear deformation, rotatory inertia, and axial load have signi� cant
effects on the � exural frequencies of the beam. The agreement be-
tween the resultsusing the present theorywith those of Ref. 2 is very
good,as canbe seen.An interestingfeatureof the resultsis that when
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a) b) c)

Fig. 2 Effects of shear deformation, rotatory inertia, and axial force on the natural frequencies and mode shapes of a composite beam,2 with ——,
bending displacement H and - - - -, torsional rotation W : a) p2 = 0, r2 = 0, and s2 = 0; b) p2 = 0, r2 = 0.00083333,and s2 = 0.033833;and c) p2 = 0.95, r2 =
0.00083333,and s2 = 0.033833.

the shear deformation, rotatory inertia, and axial load are ignored,
the fourth normal mode of the beam is torsional,whereas, when the
effects are included, this mode is shifted to the � fth position. The
interchange (or � ip over) between modes as a consequence of in-
cluding the effects of shear deformation, rotatory inertia, and/or ply
angle in a composite beam is signi� cant from an aeroelastic point
of view. The results show that the axial load changes the � exural
frequencies, but has virtually no effect on torsional frequencies as
expected. Because of the very small amount of coupling present in
the cross-ply laminate, the modes generated are effectively uncou-
pled showing either bending or torsional displacements.
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